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We investigate theoretically how the ground state of a qubit-resonator system in the deep-strong
coupling (DSC) regime is affected by the coupling to an environment. We employ a superposition
of coherent states displaced in the qubit-state-dependent directions as a variational ansatz for the
ground state of the qubit-resonator-environment system. We show that the reduced density matrix
of the qubit-resonator system strongly depends on types of the resonator-waveguide and resonator-
qubit coupling, i.e., capacitive or inductive, because of the broken rotational symmetry of the
eigenstates of the DSC system in the resonator phase space. When the resonator couples to the qubit
and the environment in different ways (for instance, one is inductive and the other is capacitive),
the system is almost unaffected by the resonator-waveguide coupling. In contrast, when the types of
two couplings are the same (for instance, both are inductive), by increasing the resonator-waveguide
coupling strength, the average number of virtual photons increases and the quantum superposition
realized in the qubit-resonator entangled ground state is partially degraded. Since the superposition
becomes more fragile when the qubit-resonator coupling strength gets large, there exists an optimal
strength of the qubit-resonator coupling to maximize the nonclassicality of the qubit-resonator
system.
I. INTRODUCTION
The interaction between a two-level system (qubit) and
a harmonic oscillator (resonator) has been widely stud-
ied, originally as one of the simplest systems to study
light-matter interaction [1, 2], and later as a platform
for quantum optics [3–5] and quantum information pro-
cessing [6–9]. Recently, the qubit-resonator interaction
has been strengthened to the regime of the deep-strong
coupling (DSC), where the coupling strength g is com-
parable to or even larger than the transition energies of
the qubit and the resonator using an artificial atom in
superconducting circuit QED systems [10–12] and THz
metamaterials coupled to the cyclotron resonance of a 2D
electron gas [13, 14].
In the DSC regime, the ground state of the qubit-
resonator system is quite different from that for weaker
coupling [15]. First, it is a superposition of substantially
different quantum states, approximately described by a
superposition of coherent states displaced in the qubit-
state-dependent directions,
|φ(−)0 (α)〉 =
1√
2
(|↑〉 ⊗ |−α〉 − |↓〉 ⊗ |α〉), (1)
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and the qubit and the resonator are highly entangled.
Second, such a Schro¨dinger’s cat-like state has a nonzero
expectation value of the photon number, 〈n〉 = |α|2.
These photons are referred to as virtual photons, because
the system is in the ground state and hence the pho-
tons cannot be spontaneously emitted. Such nonclassical
properties of the ground state can be useful for quantum
metrology [16] and the preparation of nonclassical states
of photons [17–19].
Any quantum system realized in an actual experimen-
tal setup, however, is coupled to external degrees of free-
dom, intentionally or unintentionally. Particularly, in a
superconducting circuit QED system, transmission lines
are often attached to the resonators and the qubits for
control and measurement. A standard prescription for
treating an open quantum system in the DSC regime is
the Lindblad master equation in the dressed state pic-
ture [20], in which the system relaxes to the ground state
of the system Hamiltonian at zero temperature. How-
ever, the master equation is based on the Born-Markov
approximation, which is the assumption that system-
environment interaction is sufficiently weak and there-
fore the system and the environment are always in a
product state and the state of the environment does not
change during the time evolution[21]. When there is a
nonzero interaction between the system and the environ-
ment, however, the total ground state can be entangled
and the reduced density matrix of the system is not nec-
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2essarily the ground state of the system Hamiltonian It is
not clear to what extent the Born-markov approximation
is valid, or how robust the ground state properties are.
In contrast to the excited-state cat states, which are
known to decohere rapidly [3], the DSC system is ex-
pected to be useful for preparing stable nonclassical
Schro¨dinger’s cat-like states as ground states. How-
ever, since the energy gap between the ground state
and the first excited state becomes exponentially small
as the qubit-resonator interaction g gets larger as ∼
∆ exp
[−2g2/ω2r ] [22], the nonclassicality of the ground
state is expected to be fragile against the coupling to
an environment or finite-temperature effects in the DSC
regime. Therefore, by increasing g, there is a competition
between two effects: the increase of α(= g/ωr), which en-
hances the nonclassicality, and the increase of fragility of
the ground state, which reduces the nonclassicality. Be-
cause of this competition, it is not clear whether just
strengthening the interaction g is helpful to obtain the
maximum nonclassicality in the presence of an environ-
ment, even at zero temperature.
In this paper, we investigate the ground state proper-
ties of an open DSC system. For this purpose, we pro-
pose a variational ground state of the enlarged qubit-
resonator-environment system, which we call coherent
variational state (CVS), by extending the qubit-state-
dependent coherent state to the total system including
the environmental degrees of freedom. Based on the anal-
ysis with the CVS and the numerical diagonalization of
the truncated total Hamiltonian, we find that the effect of
the coupling to the environment strongly depends on how
the system is coupled to the environment, i.e., inductively
or capacitively. This strong dependence results from the
fact that the ground state of the qubit-resonator system
in the DSC regime breaks rotational symmetry around
the origin in phase space. When the resonator couples to
the qubit and the environment in the same way (for in-
stance, both inductively), we find that the average num-
ber of virtual photons increases, and that the quantum
superposition realized in the qubit-resonator system is
degraded. Furthermore, the ground state superposition
tends to be more fragile when the qubit-resonator cou-
pling g is stronger, so that the nonclassicality of the res-
onator state, measured by the metrological power [23], is
maximized at a moderate strength of the qubit-resonator
coupling. When the resonator couples to the qubit induc-
tively and to the environment capacitively, on the other
hand, the peak of the metrological power occurs at the
larger value of g, so that the better metrological power
is achievable
This paper is organized as follows. In Sec. II, we
describe the theoretical model and present examples of
superconducting circuits realizing the Hamiltonian. In
Sec. III, we outline the variational method based on the
CVS. In Sec. IV, by using the CVS, we numerically eval-
uate the number of virtual photons, the fraction of ex-
citations contained in the qubit-resonator system, and
the degree of nonclassicality measured by the metrologi-
cal power. In Sec. V, we discuss how the coupling-form
dependence arises in the DSC system. We conclude the
paper in Sec. VI. In Appendix A, we describe the detailed
derivation of the Hamiltonian from the circuit model. In
Appendix B, we discuss the relation to the spin-boson
model. In Appendix C, we check the validity of the CVS
by comparing the ground state energy obtained from the
CVS with that obtained from an improved variational
state, which we call the squeezed coherent variational
state (SCVS). In Appendix D, we analyze a DSC system
coupled to two waveguides, one inductively and the other
capacitively.
II. MODEL
In this section, we describe the model considered in
this paper. The relationship among the system, the en-
vironment, and the total system is summarized in Fig. 1.
………
(a) (b)
FIG. 1. Energy diagram of the qubit-resonator-waveguide
system. (a) The diagram for the decoupled case (HSE = 0).
We denote the ground state of HS (qubit-resonator) by |GS〉.
(b) The diagram for the coupled case (HSE 6= 0). We de-
note the enlarged ground state of Htot = HS + HE + HSE
(qubit-resonator-waveguide) by |EGS〉 = |ψ〉. Its reduced
matrix to the qubit-resonator space is referred to as the zero-
temperature state and is denoted by ρZTS = trE
[ |ψ〉 〈ψ| ].
A. Qubit and resonator
We consider the quantum Rabi model, which is de-
scribed by the Hamiltonian
HS = ωra
†a+
∆
2
σx + gσz(a+ a
†), (2)
where the magnetic bias term σz/2 is assumed to be
zero. Here, a (a†) is the annihilation (creation) operator
of a resonator photon with energy ωr, σj (j = x, y, z) are
the Pauli operators of the qubit with transition energy
∆(> 0), and g is the coupling strength between them.
The Planck constant ~ is set to unity throughout this pa-
per. We also assume that the resonator-qubit coupling is
3inductive, so that the quadrature operator in the inter-
action term is XI = a+ a
†. If the coupling is capacitive,
XI is replaced with XC = (a− a†)/i as
H ′S = ωra
†a+
∆
2
σx − igσz(a− a†). (3)
Both HS and H
′
S are unitary equivalent through the
gauge transformation a↔ ia.
When ∆  ωr, the low-lying eigenstates of the quan-
tum Rabi model are approximately described by superpo-
sitions of Fock states displaced in qubit-state-dependent
directions,
|φ(±)n (α)〉 =
1√
2
(|↑〉 ⊗D(−α) |n〉 ± |↓〉 ⊗D(α) |n〉) .
(4)
Here, |↑〉 (|↓〉) is the qubit eigenstate corresponding to
σz = 1 (−1), α = g/ωr is the amplitude, and D(α) =
eαa
†−α˜a is the displacement operator. The eigenenergy
is then, up to first order in ∆/ωr, given by
E±n ' nωr −
g2
ωr
± ∆
2
〈n|D(2α)|n〉 . (5)
We note that the ground state, |GS〉 = |φ(−)0 (α)〉, is the
superposition of coherent states displaced in qubit-state-
dependent directions.
B. Coupling to environment
An environment is usually modeled by an ensemble of
harmonic oscillators [24] as
HE =
∑
k
ωkb
†
kbk, (6)
where bk (b
†
k) is the annihilation (creation) operator of
the k-th mode with energy ωk. Each mode of the environ-
ment interacts with a system operator X with strength
ξk as
HSE =
∑
k
ξkX(bk + b
†
k). (7)
In principle, the different modes in the environment can
couple to different system operators. In our circuit mod-
els described below, however, they couple to the same
system operator. The total system is then described by
the Hamiltonian Htot = HS +HE +HSE.
As a model of an open DSC system, we investigate
a DSC system coupled to a waveguide through the res-
onator (Fig. 2). The shaded area can be an arbitrary
circuit constituting a qubit, such as a Cooper pair box
or a flux qubit. The waveguide is coupled to a resonator-
qubit system through (a) a capacitance Cc or (b) an in-
ductance Lc. When the interaction is mediated by an
LR
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FIG. 2. Circuit diagrams of a qubit-resonator system coupled
to a waveguide. The blue shaded area is an arbitrary circuit
representing the qubit. The resonator-waveguide coupling is
mediated by (a) a capacitance Cc or (b) an inductance Lc.
inductance (a capacitance), the system operator X is
the quadrature operator of the resonator XI = a + a
†
(XC = (a − a†)/i) [25]. In Appendix A, we derive the
Hamiltonian for each circuit. Although the DSC sys-
tem realized in Refs. [11, 12] is not the same as the cir-
cuits considered in this paper, we expect that it behaves
qualitatively similar to the inductively-coupled circuit
[Fig. 2 (b)] since the resonator is coupled to the waveg-
uide through a mutual inductance.
Assuming a finite length L of the waveguide, the
wavenumber k of the waveguide modes are discretized as
k = npi/L (n ∈ N), and the energy is given by ωk = vk,
where v is the speed of microwave fields in the waveg-
uide. When the waveguide is capacitively coupled to the
resonator, ξk is given by [26]
ξk = ξ0
√
ωk
1 + (ωk/ωcutoff)2
× pi
L
. (8)
The coupling constant ξk has the same form as Eq. (8) in
the inductive coupling case (see Appendix A). We note
that a cutoff energy ωcutoff is naturally introduced, and
in the small frequency region (ωk  ωcutoff), the cou-
pling strength |ξk|2 is proportional to ωk, which cor-
responds to the Ohmic case in the spin-boson model
(See Appendix B). In the following, we assume that the
resonator-qubit coupling is inductive.
The loss rate κ of a resonator photon into the waveg-
uide is determined by the Fermi Golden rule as
κ
2pi
= ξ20
ωr
1 + (ωr/ωcutoff)2
. (9)
4This quantity represents the loss rate of a photon from
the bare resonator to the waveguide in the absence of the
qubit-resonator coupling g.
III. COHERENT VARIATIONAL STATE
In this section, we introduce the CVS and ana-
lyze the ground state of the total qubit-resonator-
waveguide system. In analogy to the approximate
ground state of the quantum Rabi model, |φ(−)0 (α)〉 =
1√
2
(|↑〉 ⊗ |−α〉 − |↓〉 ⊗ |α〉), we define the CVS of the to-
tal system as
|ψC(α, {βk})〉 = 1√
2
(|↑〉 ⊗ |−α; {−βk}〉 − |↓〉 ⊗ |α; {βk}〉),
(10)
where |α; {βk}〉 is the product of coherent states of the
resonator and waveguide modes, satisfying a |α; {βk}〉 =
α |α; {βk}〉 and bk |α; {βk}〉 = βk |α; {βk}〉 for each k.
The variational parameters for the CVS are α and βk.
We note that the more general form c0 |↑〉 ⊗ |α; {βj}〉 +
c1 |↓〉 ⊗ |α′; {β′j}〉 would lead to the same results as the
simpler form in Eq. (10) because of the symmetry of the
quantum Rabi Hamiltonian.
The total energy for the CVS is given by
E = 〈ψC(α, {βk})|Htot|ψC(α, {βk})〉
=ωrα
2 − 2gα+
∑
k
ωkβ
2
k + 4
∑
k
ξkβkα
−∆ exp
[
−2(α2 +
∑
k
β2k)
]
. (11)
The approximate ground state of the total system is the
CVS |ψC(α˜, {β˜k})〉, where α˜ and β˜k’s are the variational
parameters that minimize the total energy E. We discuss
the validity of the CVS as an approximate ground state
of Htot in the last part of this section.
The parameters α˜ and β˜k are determined by the sta-
tionary conditions,
ωrα− g + 2
∑
k
ξkβk + 2∆Iα = 0, (12)
ωkβk + 2ξkα+ 2∆Iβk = 0, ∀k, (13)
where I := 〈α; {βk}| − α; {−βk}〉 = e−2(α
2+
∑
j β
2
j ). Al-
though there are a large number of degrees of freedom
due to the waveguide modes, they can be simplified into
a stationary problem with only three parameters as fol-
lows. By introducing two collective quantities
S1 =
∑
k
ξkβk, (14)
S2 =
∑
k
β2k, (15)
we obtain closed equations for α, S1, and S2, as
S1 = −2αf1(2∆e−2(α2+S2)), (16)
S2 = 4α
2f2(2∆e
−2(α2+S2)), (17)
0 = ωrα− g + 2S1 + 2∆e−2(α2+S2)α, (18)
where
f1(x) =
∑
k
ξ2k
ωk + x
, (19)
f2(x) =
∑
k
ξ2k
(ωk + x)
2 . (20)
In the continuous limit of L → ∞, f1(x) and f2(x) are
reduced to the following forms:
f1(x)→ ξ
2
0ω
2
cutoff
x2 + ωcutoff
(
−x log ωcutoff
x
+
piωcutoff
2
)
(21)
f2(x)→ξ20ω2cutoff
(
− 1
x2 + ω2cutoff
+
x2 − ω2cutoff
(x2 + ω2cutoff)
2
log
x
ωcutoff
+
piωcutoffx
(x2 + ω2cutoff)
2
)
. (22)
Physically, S1 can be understood as a collective force that
the resonator feels, and S2 is the total number of virtual
photons in the environment.
Once the solutions for Eqs. (16)-(18) are obtained as
S˜1, S˜2, α˜, the reduced density operator for the system,
ρZTS = trE[|ψC(α˜, {β˜k})〉 〈ψC(α˜, {β˜k})|], which we call
the zero-temperature state, is completely characterized
by two parameters α˜ and C = exp
[
−2S˜2
]
. It is explic-
itly expressed as
ρZTS =
1 + C
2
|φ(−)0 (α˜)〉 〈φ(−)0 (α˜)|
+
1− C
2
|φ(+)0 (α˜)〉 〈φ(+)0 (α˜)| . (23)
This equation implies that the resonator-waveguide
coupling causes two changes. First, the displacement α˜
is modified, which means that the mean number of vir-
5tual photons |α˜|2 is changed. In fact, as we will see in
Sec. IV, the number of virtual photons in the resonator
increases as the resonator-waveguide interaction becomes
large. Second, the ground state of the total system in-
cludes the “first excited state” of the isolated quantum
Rabi model with a fraction Pe =
1−C
2 , which we call the
zero-temperature excitation. In other words, the coher-
ence in the basis of |↑〉⊗|−α˜〉 and |↓〉⊗|α˜〉 is reduced due
to the coupling to the environment. A similar behavior
can be found in the case of a single two-level system cou-
pled to an environment [24]. The quantity C serves as a
measure of coherence, which is a real quantity within the
range of 0 ≤ C ≤ 1. If βk = 0 and hence C = 1, the sys-
tem is in a pure state. On the other hand, if C = 0, the
quantum superposition is completly destroyed and the
reduced density matrix ρS is maximally mixed. When
we represent ρS in the basis of |↑〉 ⊗ |−α˜〉 and |↓〉 ⊗ |α˜〉,
the quantity C appears in the off-diagonal element:
ρZTS =
1
2
(
1 −C
−C 1
)
. (24)
As for the validity of the coherent variational state,
we note that it gives the exact ground state of the to-
tal Hamiltonian if the qubit energy ∆ and the counter-
rotating terms ξk(abk + a
†b†k) are neglected. In Ref. [11],
it is argued that the qubit-resonator state |φ(−)0 〉 gives
a rather accurate description of the ground state of the
quantum Rabi Hamiltonian even when the qubit energy
∆ is finite. Although the counter-rotating terms are con-
sidered as c-numbers in the CVS, a better variational
state, the SCVS, which, takes them into account, agrees
well with the CVS (see Appendix C). Therefore, the CVS
is expected to be a good approximation of the ground
state of Htot even for nonzero ∆ and ξk.
IV. NUMERICAL CALCULATIONS
In this section, we numerically investigate the prop-
erties of the zero-temperature state ρZTS based on the
CVS. We adopt the resonator photon loss rate κ [Eq. (9)]
as a measure of the coupling strength between the res-
onator and the waveguide, and we obtain different values
of κ by varying the coupling capacitance Cc or induc-
tance Lc. The other parameters are set to be ωr/2pi = 6
GHz, ∆/2pi = 1.2 GHz, ZW = 50 Ω, and ZR = 30 Ω,
where, ZW and ZR are the characteristic impedances of
the waveguide and the resonator, respectively. See Ap-
pendix A for the details. The resonator-qubit coupling
is assumed to be inductive in this section, and we refer
to the coupling between the resonator and the waveguide
when we mention the inductive or capacitive coupling.
A. Virtual photons
We calculate the average number of virtual photons
|α˜|2. Figure 3 shows that, in the inductive coupling case,
/2⇡ (MHz)
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FIG. 3. The average virtual photon number for g/2pi = 3 GHz
(blue line) and 6 GHz (black line). The average number of vir-
tual photons increases in the inductive coupling case (dashed
line), while it does not change in the capacitive coupling case
(solid line).
the number of virtual photons increase as the resonator-
waveguide coupling κ increases. Indeed, the interaction
term
∑
k ξk(a+ a
†)(bk + b
†
k) acts as a shifter on the res-
onator phase space in the real direction. Furthermore,
we can show that the energy gradient ∂E∂α takes a nega-
tive value at α = α¯, where α¯ is the stationary solution in
the absence of the resonator-waveguide coupling, which
implies that average number of virtual photons always
increases due to the resonator-waveguide coupling, inde-
pendent of the detail of the interaction spectrum ξk.
On the other hand, in the capacitive coupling case,
the the average number of virtual photons is insensitive
to the resonator-waveguide coupling. This fact can be
qualitatively understood as follows. The coupling opera-
tor XC = (a− a†)/i acts as a shifter of the displacement
α in the imaginary direction. However, since α = g/ωr is
real without the environment, the amplitude |α|2 is not
sensitive to the imaginary shift.
B. Zero-temperature excitation
We calculate the probability of the excited states
|φ(+)0 (α˜)〉 contained in the zero-temperature state ρZTS
[Eq. (23)], the zero-temperature excitation. Figure 4
shows that, in the inductive coupling case, the probabil-
ity of the zero-temperature excitation Pe = (1 − C)/2,
increases as the loss rate κ increases. By comparing
the results for g/2pi = 3 and 6 GHz, we see that the
zero-temperature excitation also increases as the qubit-
resonator coupling g increases. In other words, in the
DSC regime, the quantum coherence of the ground state
becomes fragile when the qubit-resonator interaction g
gets extremely large. It implies that, even though the
exact ground state of the quantum Rabi model becomes
monotonically useful when g gets large, for instance, for
quantum metrological tasks, the maximum performance
6/2⇡ (MHz)
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FIG. 4. The zero-temperature excitations, Pe = (1 − C)/2,
plotted against the photon loss rate κ for g/2pi = 3 GHz (blue
line) and 6 GHz (black line). The zero-temperature excitation
increases in the inductive coupling case (dashed line), while
there is no excitation in the capacitive coupling case (solid
line). In the capacitive coupling case, the two (black and
blue) solid lines overlap along Pe = 0.
is achieved at a moderate strength of the interaction
g when the coupling to the environment is taken into
account. Indeed, the nonclassicality, measured by the
metrological power [23], has the maximum at a certain
value of g, as we discuss in the next section.
On the other hand, in the capacitive coupling case, the
qubit-resonator system is not affected by the interaction
with the environment. This is partly an artifact due to
our choice of the CVS, although it captures the tendency
that the zero-temperature excitation is smaller in the ca-
pacitive case than that in the inductive case. We will
discuss the origin of this stability against the capacitive
coupling to the waveguide in Sec. V.
C. Metrological power
In this section, we evaluate the “quantumness” of the
ground state of the system. There are many ways of
defining and quantifying the quantumness [23, 27–30].
Here, we project the state onto the eigenstates of some
qubit operator, and exploit the resource theory of the
nonclassicality in continuous systems. One of the quanti-
fiers of the nonclassicality is the metrological power [23],
which measures the quantum enhancement in displace-
ment metrology based on the quantum Fisher informa-
tion [31, 32].
If we project the state of the system ρZTS onto the
eigenspaces σx = ±1, the post-measurement state of the
resonator is a partially decohered state
ρσx=±1 ∝ |α〉 〈α|+ |−α〉 〈−α| ∓ C(|α〉 〈−α|+ |−α〉 〈α|)
(25)
(a)
(b)
FIG. 5. The Wigner functions of the post-measurement state
ρσx=−1 in the inductive coupling case. (a) κ/2pi = 0.2 GHz.
The state has the almost perfect coherence (C = 0.99), and
the Wigner function takes a negative value around the origin
in phase space. (b) κ/2pi = 60 GHz. The state is almost
decohered (|C| < 10−4), and the Wigner function is that of
the mixture of two coherent states.
with probability
Prob[σx = ±1] = 1∓ Ce
−2α2
2
. (26)
The metrological power of the resonator state ρσx=±1 is
calculated in Ref. [23] as
Mσx=±1 = max
{4α2C(C ∓ e−2α2)
(1∓ Ce−2α2)2 , 0
}
. (27)
Physically, the partially decohered cat state has interfer-
ence fringes around the origin in the phase space repre-
sentation. This fringe becomes clearer as α and |C| get
large, which enables us to measure the degree of displace-
ment more precisely than coherent states (Fig. 5).
In Fig. 6, the average metrological power
M = Prob[σx = 1]Mσx=1 + Prob[σx = −1]Mσx=−1
(28)
is plotted against the qubit-resonator coupling g. It
shows that, while the average metrological power mono-
tonically increases in the case of capacitive resonator-
waveguide coupling, it has a maximum at some finite
value of g when the system inductively interacts with
the environment. This maximum is achieved at g/2pi ' 6
GHz for κ/2pi = 2 MHz, which corresponds to α ' 1. In
7g/2⇡ (GHz)
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FIG. 6. The average metrological power M [Eq. (28)] plot-
ted against the resonator-qubit coupling strength g for the
cases of the capacitive (solid line) and inductive (dashed line)
resonator-waveguide coupling. The loss rate is set to κ/2pi =
2 MHz (black), 10 MHz (green), 50 MHz (blue).
/2⇡ (MHz)
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FIG. 7. The average metrological power M [Eq. (28)] plot-
ted against the loss rate κ for the cases of capacitive (solid
line) and inductive (dashed line) resonator-waveguide cou-
pling. The resonator-qubit coupling strength is set to g/2pi =
3 GHz (blue) and 6 GHz (black).
practice, the loss rate κ cannot be too small because the
measurement and control need time duration T ∼ 1/κ,
during which decoherence occurs. Therefore, it is impor-
tant to design a circuit to have a proper strength of the
qubit-resonator coupling g to obtain an optimal metro-
logical advantage.
Figure 7 shows the κ-dependence of the metrological
power for different values of g. For each value of g, the
metrological power rapidly decreases to zero when κ be-
comes larger than a certain value. This critical value of
κ becomes small as the resonator-qubit coupling g gets
larger.
V. STABILITY IN CAPACITIVE
RESONATOR-WAVEGUIDE COUPLING CASE
In this section, we discuss the origin of the stability
of the ground state in the capacitively coupled circuit.
We again assume that the resonator-qubit coupling is
inductive. To obtain some physical insight, let us first
consider the case where a bare resonator is coupled to
a waveguide. The fraction of the first excited state |1〉
is proportional to, at the lowest order, | 〈1|X|0〉 |2. This
transition amplitude is completely insensitive to the type
of coupling, i.e., inductive XI = a + a
† or capacitive
XC = (a− a†)/i, as
| 〈1|XI |0〉 |2 = | 〈1|XC |0〉 |2 = 1. (29)
This is due to the fact that the resonator Hamilto-
nian H = ωra
†a, and the energy eigenstates |n〉 are
invariant under the rotation around the origin in the
phase space, represented by the unitary transformation
U = exp
(
iθa†a
)
. On the other hand, since the ground
state of a DSC system is not invariant under this rota-
tion, the transition amplitude strongly depends on the
type of coupling as
| 〈φ(+)0 (α)|XI |φ(−)0 (α)〉 |2 = 4|Re[α]|2 = 4
(
g
ωr
)2
, (30)
| 〈φ(+)0 (α)|XC |φ(−)0 (α)〉 |2 = 4|Im[α]|2 = 0. (31)
Therefore, when the qubit-resonator coupling is mediated
by the inductance, i.e., α is real, the system is stable
against capacitive coupling to the waveguide. A similar
argument is applied in Ref. [33] to protect a qubit from
noise based on the fact that the transition amplitude of
the qubit operator becomes exponentially small in g. In
contrast, when the resonator-environment coupling is ca-
pacitive, the transition amplitude is exactly zero.
To see this coupling-type-dependence more directly, we
perform the numerical diagonalization of the truncated
total Hamiltonian of the qubit-resonator-waveguide sys-
tem. As the waveguide modes, we consider 4 modes with
energies ωk/2pi = 5, 10, 15, 20 GHz. We take 14 photons
and 3 photons into account for the resonator mode and
each waveguide mode, respectively. Figure 8 shows the
fraction of excited states of the qubit-resonator system
contained in the ground state of the total Hamiltonian.
In the inductive coupling case, the most dominant excita-
tion is the first excited state |φ(+)0 〉, and its fraction agrees
well with the zero-temperature excitation Pe calculated
from the CVS. On the other hands, |φ(+)0 〉 is not con-
tained in the capacitive case, as is expected from Eq. (31).
Instead, the most dominant excited state is |φ(−)1 〉, only
is the only excited state with a nonzero transition ampli-
tude as | 〈φ(−)1 (α)|XC |φ(−)0 (α)〉 |2 = 1.
The reason why the system is not changed in the ca-
pacitive coupling case in the CVS analysis in Sec. IV is
that the CVS considers only the two lowest eigenstates
|φ(−)0 〉 and |φ(+)0 〉. Therefore, if we exactly analyze the
8zero-temperature state, it is expected that the metrolog-
ical power peaks at a certain value of g even in the ca-
pacitive coupling case, unlike the analysis based on the
CVS (Fig. 6). However, the peak is expected to occur
at the larger value of g than the inductive coupling case,
so that the better metrological power is achievable in the
capacitive coupling case.
We need to be careful to conclude from our results that
the capacitive resonator-waveguide coupling is superior
to the inductive coupling. There is a tradeoff [34] between
the gate speed and the relaxation time. In the capacitive
coupling case, this tradeoff relation indicates that the
long relaxation time implies a slow gate speed.
/2⇡ (MHz)
<latexit sha1_base64="p5oa2v7puKZ p4wHR6ptbWHLHpoc=">AAALa3icrVZLb9NAEJ4ChZIAbemFpxQRFbUHwjpBAnGqqC paqUh9t1JdItvdJFb8kuOGtlbEnT/AgRNIPSAk+BFc+AMc+hMQ4lQkLhyYHTvv2El RHSXenZ35Zr6Z2c2qjqFXPMaOh86dvzB88dLI5UTyytVro2Pj1zcq9p6r8XXNNmx3 S1Uq3NAtvu7pnsG3HJcrpmrwTbU8K9Y3q9yt6La15h04fMdUipZe0DXFQ1F+7KZcV hxHeZiVHT0lp3zZNVNTL+YPp2v5sTTLMHpS3QMpHKQhfJbs8eG7IMMu2KDBHpjAwQ IPxwYoUMHPNkjAwEHZDvgoc3Gk0zqHGiTQdg+1OGooKC3jbxFn26HUwrnArJC1hl4 M/LpomYJJ9p19ZCfsG/vEfrC/kVg+YYhYDvCtBrbcyY++ubH6p6+ViW8PSk2rGAsV I1NwztEimpvQM/tw96AAT4izjjlwSCKyoQVxVA/fnqw+XZn077MP7Cfm4T07Zl8xE 1b1t3a0zFfeEbqFNq8oaybxsLBOPsodfNfQT448JBBRRj8FfEuQxq+YF4iLFurX66 Zg/lOok0X73is5YiYQOEoEu3i0lygTPmt9cZuaNULUG56ieNqn4iks6tV2cZQi62Z U0ev9OPe27MW8t2Y0+2juz4m5RMxl6p592pf1HeRjr7koFV0V5FxF1KaPePSVvugC e/c/kFXa3a15CKzdvpa8LSYV50XaPT71kI4zK8y1RNqBXetaPH6pDb9E0TVZxVl6F H3TtrXCfrgq04lYwNl2GKPoIZdiK9HpGe9jLdbH2pn4EFUWPhj56O5VPkCN9nFv22 2RBjJ/oOji0TWq5lxHjCrF1hqtFp4qcwP0Y6A7H8G7jjQ/IM5iH5zFAfaHCQs9GS4 MEIMN1ZYT0af8CtvZcCVPHZ1tnE65tq6ZauyeZlWm+/is0kney+dGuHL2PoP/TLdx /tc7rY4p0+3EQjSDzuruXpPp7K5rxHsrdvnLNfw1McSJUQn/6cUd4AHWL4OsOd0Foi MaHKFVt1dO41mU6eZS7tibnVVInboOXpgT1lF9IRW3Tanzbtk92MhmJJaRlh+lZ56 F984RuA33MCoJHsMM7r4lWEf/r+EIPsOXxK/kRPJW8k6gem4otJmAtic5+Q9osj9R </latexit><latexit sha1_base64="p5oa2v7puKZ p4wHR6ptbWHLHpoc=">AAALa3icrVZLb9NAEJ4ChZIAbemFpxQRFbUHwjpBAnGqqC paqUh9t1JdItvdJFb8kuOGtlbEnT/AgRNIPSAk+BFc+AMc+hMQ4lQkLhyYHTvv2El RHSXenZ35Zr6Z2c2qjqFXPMaOh86dvzB88dLI5UTyytVro2Pj1zcq9p6r8XXNNmx3 S1Uq3NAtvu7pnsG3HJcrpmrwTbU8K9Y3q9yt6La15h04fMdUipZe0DXFQ1F+7KZcV hxHeZiVHT0lp3zZNVNTL+YPp2v5sTTLMHpS3QMpHKQhfJbs8eG7IMMu2KDBHpjAwQ IPxwYoUMHPNkjAwEHZDvgoc3Gk0zqHGiTQdg+1OGooKC3jbxFn26HUwrnArJC1hl4 M/LpomYJJ9p19ZCfsG/vEfrC/kVg+YYhYDvCtBrbcyY++ubH6p6+ViW8PSk2rGAsV I1NwztEimpvQM/tw96AAT4izjjlwSCKyoQVxVA/fnqw+XZn077MP7Cfm4T07Zl8xE 1b1t3a0zFfeEbqFNq8oaybxsLBOPsodfNfQT448JBBRRj8FfEuQxq+YF4iLFurX66 Zg/lOok0X73is5YiYQOEoEu3i0lygTPmt9cZuaNULUG56ieNqn4iks6tV2cZQi62Z U0ev9OPe27MW8t2Y0+2juz4m5RMxl6p592pf1HeRjr7koFV0V5FxF1KaPePSVvugC e/c/kFXa3a15CKzdvpa8LSYV50XaPT71kI4zK8y1RNqBXetaPH6pDb9E0TVZxVl6F H3TtrXCfrgq04lYwNl2GKPoIZdiK9HpGe9jLdbH2pn4EFUWPhj56O5VPkCN9nFv22 2RBjJ/oOji0TWq5lxHjCrF1hqtFp4qcwP0Y6A7H8G7jjQ/IM5iH5zFAfaHCQs9GS4 MEIMN1ZYT0af8CtvZcCVPHZ1tnE65tq6ZauyeZlWm+/is0kney+dGuHL2PoP/TLdx /tc7rY4p0+3EQjSDzuruXpPp7K5rxHsrdvnLNfw1McSJUQn/6cUd4AHWL4OsOd0Foi MaHKFVt1dO41mU6eZS7tibnVVInboOXpgT1lF9IRW3Tanzbtk92MhmJJaRlh+lZ56 F984RuA33MCoJHsMM7r4lWEf/r+EIPsOXxK/kRPJW8k6gem4otJmAtic5+Q9osj9R </latexit><latexit sha1_base64="p5oa2v7puKZ p4wHR6ptbWHLHpoc=">AAALa3icrVZLb9NAEJ4ChZIAbemFpxQRFbUHwjpBAnGqqC paqUh9t1JdItvdJFb8kuOGtlbEnT/AgRNIPSAk+BFc+AMc+hMQ4lQkLhyYHTvv2El RHSXenZ35Zr6Z2c2qjqFXPMaOh86dvzB88dLI5UTyytVro2Pj1zcq9p6r8XXNNmx3 S1Uq3NAtvu7pnsG3HJcrpmrwTbU8K9Y3q9yt6La15h04fMdUipZe0DXFQ1F+7KZcV hxHeZiVHT0lp3zZNVNTL+YPp2v5sTTLMHpS3QMpHKQhfJbs8eG7IMMu2KDBHpjAwQ IPxwYoUMHPNkjAwEHZDvgoc3Gk0zqHGiTQdg+1OGooKC3jbxFn26HUwrnArJC1hl4 M/LpomYJJ9p19ZCfsG/vEfrC/kVg+YYhYDvCtBrbcyY++ubH6p6+ViW8PSk2rGAsV I1NwztEimpvQM/tw96AAT4izjjlwSCKyoQVxVA/fnqw+XZn077MP7Cfm4T07Zl8xE 1b1t3a0zFfeEbqFNq8oaybxsLBOPsodfNfQT448JBBRRj8FfEuQxq+YF4iLFurX66 Zg/lOok0X73is5YiYQOEoEu3i0lygTPmt9cZuaNULUG56ieNqn4iks6tV2cZQi62Z U0ev9OPe27MW8t2Y0+2juz4m5RMxl6p592pf1HeRjr7koFV0V5FxF1KaPePSVvugC e/c/kFXa3a15CKzdvpa8LSYV50XaPT71kI4zK8y1RNqBXetaPH6pDb9E0TVZxVl6F H3TtrXCfrgq04lYwNl2GKPoIZdiK9HpGe9jLdbH2pn4EFUWPhj56O5VPkCN9nFv22 2RBjJ/oOji0TWq5lxHjCrF1hqtFp4qcwP0Y6A7H8G7jjQ/IM5iH5zFAfaHCQs9GS4 MEIMN1ZYT0af8CtvZcCVPHZ1tnE65tq6ZauyeZlWm+/is0kney+dGuHL2PoP/TLdx /tc7rY4p0+3EQjSDzuruXpPp7K5rxHsrdvnLNfw1McSJUQn/6cUd4AHWL4OsOd0Foi MaHKFVt1dO41mU6eZS7tibnVVInboOXpgT1lF9IRW3Tanzbtk92MhmJJaRlh+lZ56 F984RuA33MCoJHsMM7r4lWEf/r+EIPsOXxK/kRPJW8k6gem4otJmAtic5+Q9osj9R </latexit><latexit sha1_base64="p5oa2v7puKZ p4wHR6ptbWHLHpoc=">AAALa3icrVZLb9NAEJ4ChZIAbemFpxQRFbUHwjpBAnGqqC paqUh9t1JdItvdJFb8kuOGtlbEnT/AgRNIPSAk+BFc+AMc+hMQ4lQkLhyYHTvv2El RHSXenZ35Zr6Z2c2qjqFXPMaOh86dvzB88dLI5UTyytVro2Pj1zcq9p6r8XXNNmx3 S1Uq3NAtvu7pnsG3HJcrpmrwTbU8K9Y3q9yt6La15h04fMdUipZe0DXFQ1F+7KZcV hxHeZiVHT0lp3zZNVNTL+YPp2v5sTTLMHpS3QMpHKQhfJbs8eG7IMMu2KDBHpjAwQ IPxwYoUMHPNkjAwEHZDvgoc3Gk0zqHGiTQdg+1OGooKC3jbxFn26HUwrnArJC1hl4 M/LpomYJJ9p19ZCfsG/vEfrC/kVg+YYhYDvCtBrbcyY++ubH6p6+ViW8PSk2rGAsV I1NwztEimpvQM/tw96AAT4izjjlwSCKyoQVxVA/fnqw+XZn077MP7Cfm4T07Zl8xE 1b1t3a0zFfeEbqFNq8oaybxsLBOPsodfNfQT448JBBRRj8FfEuQxq+YF4iLFurX66 Zg/lOok0X73is5YiYQOEoEu3i0lygTPmt9cZuaNULUG56ieNqn4iks6tV2cZQi62Z U0ev9OPe27MW8t2Y0+2juz4m5RMxl6p592pf1HeRjr7koFV0V5FxF1KaPePSVvugC e/c/kFXa3a15CKzdvpa8LSYV50XaPT71kI4zK8y1RNqBXetaPH6pDb9E0TVZxVl6F H3TtrXCfrgq04lYwNl2GKPoIZdiK9HpGe9jLdbH2pn4EFUWPhj56O5VPkCN9nFv22 2RBjJ/oOji0TWq5lxHjCrF1hqtFp4qcwP0Y6A7H8G7jjQ/IM5iH5zFAfaHCQs9GS4 MEIMN1ZYT0af8CtvZcCVPHZ1tnE65tq6ZauyeZlWm+/is0kney+dGuHL2PoP/TLdx /tc7rY4p0+3EQjSDzuruXpPp7K5rxHsrdvnLNfw1McSJUQn/6cUd4AHWL4OsOd0Foi MaHKFVt1dO41mU6eZS7tibnVVInboOXpgT1lF9IRW3Tanzbtk92MhmJJaRlh+lZ56 F984RuA33MCoJHsMM7r4lWEf/r+EIPsOXxK/kRPJW8k6gem4otJmAtic5+Q9osj9R </latexit>
Fr
ac
tio
n 
of
 e
xc
ite
d 
st
at
es
(a)
(b)
FIG. 8. The fraction of the excited states of the isolated
system [Eq. (2)], |φ(+)0 〉 (solid line), |φ(−)1 〉 (dashed line) and
|φ(+)1 〉 (dotted line) calculated from the numerical diago-
nalization, plotted against the loss rate κ. The resonator-
waveguide coupling is (a) capacitive or (b) inductive. In the
case of the capacitive resonator-waveguide coupling, the zero-
temperature excitation Pe calculated from the CVS is also
plotted (red dotted line).
Finally, we stress that only the relative phase between
the resonator quadrature operators coupled to the qubit
and the waveguide is relevant to this stability. When
the qubit-resonator coupling is assumed to be capaci-
tive, the system is sensitive to the capacitive coupling to
the waveguide and insensitive to the inductive coupling.
These results are summarized in Fig. I.
TABLE I. The transition amplitude between the ground state
and the first excited state. Pairs of columns connected by
arrows are unitary equivalent, respectively.
qubit+resonator
(inductive)
qubit+resonator
(capacitive)
bare resonator
Resonator-waveguide
coupling: inductive
Resonator-waveguide
coupling: capacitive
VI. CONCLUSION
In this paper, by analyzing the ground state of the
qubit-resonator-waveguide system, we have investigated
the effect of an environment on the ground state of the
quantum Rabi model in the DSC regime. We have in-
troduced the qubit-state-dependent coherent variational
state (CVS) [Eq. (10)]. This variational ansatz is easy
to analyze and is consistent with other analysis such
as qubit-state-dependent squeezed coherent variational
state (SCVS) and numerical diagonalization. We have
shown that the zero-temperature state ρZTS strongly de-
pends on the form of the resonator-waveguide coupling
because of the breaking of rotational symmetry in the
ground state of the DSC system. When the resonator-
qubit coupling is inductive, the inductive resonator-
waveguide coupling affects the properties of ρZTS, such
as the average number of virtual photons, the fraction of
the zero-temperature excitation, and the average metro-
logical power, while the capacitive resonator-waveguide
coupling does not. A better variational ansatz that can
quantitatively describe the ground state in case of the
capacitive resonator-waveguide coupling is outstanding.
When the resonator couples to the qubit and the en-
vironment in different ways, the number of virtual pho-
tons increases due to the resonator-environment interac-
tion, which might be advantageous to detect virtual pho-
tons experimentally [35, 36]. We have also shown that,
even at zero temperature, the qubit-resonator system is a
mixed state and contains the “excited” state of the quan-
tum Rabi Hamiltonian, which implies the fragility of the
quantum superposition realized in the ground state. As a
result, the nonclassicality of the resonator system, mea-
sured by the metrological power, has a peak at a certain
coupling strength, when the environment is taken into
account. When the coupling is capacitive, the peak oc-
curs at the larger value of g than the inductive coupling
case, so that the better metrological power is achievable
in the capacitive coupling case. Our result offers a guid-
ing principle to obtain a better metrological advantage
when we design the superconducting circuit.
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Appendix A: Derivation of the Hamiltonian of the
circuit coupled to waveguides
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FIG. 9. Circuit diagram of the qubit-resonator system cou-
pled to two waveguides, one inductively (left) and one capac-
itively (right).
In this section, we derive the Hamiltonian of a qubit-
resonator circuit coupled to two waveguides, one induc-
tively and one capacitively, as shown in Fig. 9. The cir-
cuits in Fig 2 (a) and (b) can be obtained by taking the
limits Lc →∞ and Cc → 0, respectively.
We assign a flux variable to each vertex. Here, vari-
ables ψ, φ, Φj and Ψj represent a freedom of the qubit,
the resonator, the waveguide coupled inductively (left),
and the waveguide coupled capacitively (right), respec-
tively. The shaded area in Fig. 9 can be an arbitrary
circuit constituting a qubit, such as a Cooper pair box
or a flux qubit. We assume that it involves only ψ, and
do not specify the details of the qubit circuit. Then the
total Lagrangian is given by
L(ψ, φ,Φj ,Ψj , ψ˙, φ˙, Φ˙j , Ψ˙j)
=LM (ψ, ψ˙)− (φ− ψ)
2
2LR
+
CRφ˙
2
2
− (φ− Φ0)
2
2Lc
+
∞∑
j=0
(
CT∆xΦ˙
2
j
2
− (Φj+1 − Φj)
2
2LT∆x
)
+
Cc
2
(φ˙− Ψ˙0)2 +
∞∑
j=0
(
CT∆xΨ˙
2
j
2
− (Ψj+1 −Ψj)
2
2LT∆x
)
.
(A1)
Here, we do not specify the qubit part of the Lagrangian,
but assume that it involves only ψ and ψ˙.
Canonical conjugate variables are defined as
q =
∂L
∂φ˙
= CRφ˙+ Cc(φ˙− Ψ˙0), (A2)
q˜ =
∂L
∂ψ˙
=
∂LM
∂ψ˙
, (A3)
Qj =
∂L
∂Φ˙j
= CT∆xΦ˙j , (A4)
Q˜0 =
∂L
∂Ψ˙0
= Cc(Φ˙0 − φ˙), (A5)
Q˜j =
∂L
∂Ψ˙j
= CT∆xΨ˙j (j ≥ 1). (A6)
By performing the Legendre transformation, we obtain
the Hamiltonian of the total circuit as
H =
(
q˜ψ˙ − LM − φψ
LR
+
ψ2
2LR
)
+
(
q2
2CR
+
φ2
2L′R
)
+
 Φ20
2LC
+
∞∑
j=0
(
Q2j
2CT∆x
+
(Φj+1 − Φj)2
2LT∆x
)
+
 Q˜20
2C ′c
+
∞∑
j=0
(
Q˜2j
2CT∆x
+
(Ψj+1 −Ψj)2
2LT∆x
)
− φΦ0
Lc
+
qQ˜0
CR
(A7)
where L′R =
LcLR
Lc+LR
and C ′c =
CcCR
Cc+CR
. The first line
represents the Hamiltonian for the qubit, the resonator,
and the interaction between them. The second (third)
line represents the Hamiltonian for the waveguide induc-
tively (capacitively) coupled to the resonator. The fi-
nal line represents the interaction between the resonator
and the waveguide modes. We note that the qubit vari-
ables {ψ, q˜} do not appear except for the first term line.
To diagonalize the waveguide modes, let us consider the
equations of motion for the waveguide variables:
Q˙j =
Φj+1 + Φj−1 − 2Φj
LT∆x
(j ≥ 1), (A8)
Φ˙j =
Qj
CT∆x
(j ≥ 1), (A9)
Q˙0 = −Φ0
Lc
− Φ0 − Φ1
LT∆x
, (A10)
Φ˙0 =
Q0
CT∆x
, (A11)
˙˜Qj =
Ψj+1 + Ψj−1 − 2Ψj
LT∆x
(j ≥ 1), (A12)
Ψ˙j =
Q˜j
CT∆x
(j ≥ 1), (A13)
˙˜Q0 = −Ψ0 −Ψ1
LT∆x
, (A14)
Ψ˙0 =
Q˜0
C ′c
. (A15)
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From these equations, by taking the continuous limit,
∆x → 0, Φj → Φ(x) = Φ(j∆x), and Ψj → Ψ(x) =
Ψ(j∆x), we obtain the wave equations for x > 0 as
Φ¨(x) =
1
CTLT
∂2Φ(x)
∂x2
, (A16)
Ψ¨(x) =
1
CTLT
∂2Φ(x)
∂x2
, (A17)
with boundary conditions
0 = −Φ(+0)
Lc
+
1
LT
∂Φ(x)
∂x
∣∣∣
x=+0
, (A18)
Ψ¨(+0) =
1
C ′cLT
∂Ψ(x)
∂x
∣∣∣
x=+0
. (A19)
Let us consider the inductively-coupled waveguide
modes. The eigenfunction with frequency ω is given by
fω(x) =
√
2
L
cos
(
ω
v x
)
+ ζI(ω) sin
(
ω
v x
)√
1 + ζI(ω)2
, (A20)
where L is the length of the waveguide, v = 1/
√
LTCT
is the speed of microwaves in the waveguide, and ζ(ω) =
LT v
LCω
is a dimensionless quantity defining the phase of
the eigenfunction. Then the positive frequency part of
the flux variable Φ(x) is quantized as
Φ(x)+ =
∑
k
√
~ZT v
2ωk
fωk(x)bk, (A21)
where ZT =
√
LT /CT is the characteristic impedance,
bk is the annihilation operator of the eigenmode fωk(x),
and ωk =
pikv
L . Therefore, the flux variables Φ0 and φ
are expressed in terms of the creation and annihilation
operators as
Φ0 =
∑
k
~ZT v
ωkL
bk + b
†
k√
1 + ζ(ωk)2
→
∫ ∞
0
dω
√
~ZT
piω
b(ω) + b(ω)†√
1 + ζ(ω)2
, (A22)
φ =
√
~ZR
2
(a+ a†), (A23)
where the limit L → ∞ is taken in the second line.
Here, a (a†) is the annihilation (creation) operator of
microwave photons in the resonator. The characteris-
tic impedance for the resonator ZR is defined as ZR =√
L′R/CR. By substituting Eqs. (A22) and (A23) to the
inductive coupling term −φΦ0/Lc, we obtain
− φΦ0
Lc
=−
∫ ∞
0
dω ξI0
√
ω
1 + (ω/ωIcutoff)
2
(a+ a†)(b(ω) + b(ω)†),
(A24)
where
ξI0 = ~
√
1
2pi
· ZR
ZT
, (A25)
ωIcutoff =
ZT
Lc
. (A26)
In a similar manner, we obtain the capacitive coupling
term as
qQ˜0
CR
=
∫ ∞
0
dω ξC0
√
ω
1 + (ω/ωCcutoff)
2
(a− a†)(d(ω)− d(ω)†),
(A27)
where
ξC0 = ~
√
1
2pi
· ZTC
′2
c
ZRC2R
, (A28)
ωCcutoff =
1
ZTC ′c
, (A29)
and d(ω) is the annihilation operator of the capacitively-
coupled waveguide mode with frequency ω.
Appendix B: Relation to the spin-boson model
In this section, we show that the Hamiltonian describ-
ing the circuit in Fig. 2 (b) can be effectively mapped
to the spin-boson model [24]. The total Hamiltonian is
given by
Htot = HS +HE +HSE, (B1)
where
HS = ωra
†a+
∆
2
σx + gσz(a+ a
†), (B2)
HSE =
∑
k
ξk(a+ a
†)(bk + b
†
k), (B3)
HE =
∑
k
ωkb
†
kbk. (B4)
To map the total Hamiltonian to the spin-boson model,
we project the state space of the qubit-resonator sys-
tem onto the space spanned by the two low-lying energy
states, {|φ(−)0 (α)〉 , |φ(+)0 (α)〉}). Let σ˜j (j = x, y, z) be the
Pauli matrix in the basis of {|↑〉 |−α〉 , |↓〉 |α〉}. Then the
truncated Hamiltonian becomes the spin-boson model,
∆e−2α
2
2
σ˜x +
∑
k
ξkσ˜z(bk + b
†
k) +
∑
k
ωkb
†
kbk. (B5)
Here, the “localized state” corresponds to |↑〉 |−α〉 and
|↓〉 |α〉.
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The spectral function of this truncated Hamiltonian
can be calculate as
J(ω) =
pi
2
∑
k
32Re[α]2ξ2kδ(ω − ωk)
= 16piRe[α]2ξ20ω
1
1 + (ω/ωcutoff)2
, (B6)
which corresponds to the Ohmic case.
Appendix C: Squeezed coherent state
In this section, we consider another method to analyze
the ground state of the total system, to check the valid-
ity of the CVS. In Sec. III, we adopt the coherent vari-
ational state, which gives the exact ground state of the
total Hamiltonian in both limits of ξ0 → 0 and ∆ → 0.
However, we are interested in the case where the inter-
action ξ0 is not necessarily weak. In this section, we
develop a better variational state that coincides with the
exact ground state only in the limit of ∆→ 0 by taking
the resonator-environment interaction into account pre-
cisely. Since the boson modes part of the total Hamilto-
nian ωra
†a+
∑M
k=1 ωkb
†
kbk +
∑M
k=1 ξk(a+ a
†)(bk + b
†
k) is
quadratic in creation and annihilation operators, it can
be diagonalized by the multi-mode Bogoliubov transfor-
mation [37, 38]
c1
c2
...
cN+1
c†1
c†2
...
c†N+1

= B

a
b1
...
bN
a†
b†1
...
b†N+1

, (C1)
where
B =
(
u v
v∗ u∗
)
(C2)
is the transformation matrix with size (2N+2)×(2N+2).
Then the Hamiltonian can be rewritten as
H =
N+1∑
j=1
ω˜jc
†
jcj +
∆
2
σx +
N+1∑
j=1
σz(g˜
∗
j cj + g˜jc
†
j). (C3)
Since the resonator mode and the waveguide modes are
mixed, all the modes interact with the qubit with in-
teraction strength g˜j = g(uj1 − vj1). We note that all
the elements of the transformation matrix B and g˜j ’s are
real. An appropriate variational state for the Hamilto-
nian (C3) is the coherent state in the diagonalized modes
cj ;
|ΨSC({γj})〉 = 1√
2
(|↑〉 |{−γj}〉s − |↓〉 |{γj}〉s) , (C4)
where |{γj}〉s :=
⊗N+1
j=1 |γj〉 is the product of the coher-
ent states of cj ’s satisfying cj |{γj}〉s = γj |{γj}〉s, which
we call the squeezed coherent variational state (SCVS),
and γj ’s are the parameters for the variational states.
Coherent states in terms of cj ’s are often referred to as
multi-mode squeezed states [37, 38]. The energy expec-
tation value is given by
E = 〈ΨSC({γj})|H|ΨSC({γj})〉
=
N+1∑
j=1
ω˜jγ
2
j −
∆
2
exp
−2N+1∑
j=1
γ2j
− 2N+1∑
j=1
g˜jγj .
(C5)
The stationary equations are given by
ω˜jγj − g˜j + ∆γj exp
−2N+1∑
j=1
γ2j
 = 0 (C6)
for j = 1, 2, . . . , N + 1. If we introduce a collective vari-
able S =
∑
j γ
2
j , these stationary equations are reduced
to solving one-variable equation
S =
N+1∑
j=1
(
g˜j
ω˜j + ∆e−S
)2
. (C7)
Once the solution S = S∗ is obtained, we can calculate
the degree of the displacement γj as
γj =
g˜j
ω˜j + ∆e−S
∗ . (C8)
FIG. 10. The ground state energy change due to the coupling
to the environment plotted against the loss rate κ, calculated
from the CVS (solid line) and the SCVS (dotted line). The
number of the waveguide modes is truncated to M=1 (black),
4 (red), 10 (blue), and 100 (green).
In Fig. 10, the ground state energy is plotted against
the loss rate κ. The energy of the waveguide modes are
taken to be ωk/2pi = k · 20/N GHz (k=1,. . . , N). The
ground state energies calculated from the CVS and the
SCVS agree within the line thickness.
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Appendix D: Analysis of the two-waveguide circuit
In this section, we consider the qubit-resonator system
coupled to two waveguides, one inductively and the other
capacitively, shown in Fig. 9. The total Hamiltonian is
Htot =ωra
†a+
∆
2
σx + gσz(a+ a
†)
+
∑
k
ωkb
†
kbk +
∑
k
ξIk(a+ a
†)(bk + b
†
k)
+
∑
k
ωkc
†
kck +
∑
k
ξCk (a− a†)(dk − d†k), (D1)
where bk (dk) is the annihilation operator of the k-th
mode of the waveguide inductively (capacitively) coupled
to the resonator with coupling constant ξIk (ξ
C
k ). In a
similar manner to the previous analysis, we evaluate the
ground state of the total Hamiltonian using the CVS,
|ψC(α, {βk}, {δk})〉
=
1√
2
(|↑〉 ⊗ |−α; {−βk}; {−δk}〉 − |↓〉 ⊗ |α; {βk}; {δk}〉),
(D2)
where |α; {βk}; {δk}〉 is the product of the coherent
state satisfying a |α; {βk}; {δk}〉 = α |α; {βk}; {δk}〉,
bk |α; {βk}; {δk}〉 = βk |α; {βk}; {δk}〉, and
dk |α; {βk}; {δk}〉 = δk |α; {βk}; {δk}〉. This CVS
gives the exact ground state of the total Hamiltonian
Htot in the weak interaction limit ξ
I
k, ξ
C
k → 0 and the
low qubit energy limit δ → 0.
(a) (b)
(c)
I/2⇡ (MHz)
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FIG. 11. (a) The average number of virtual photons, (b) the
zero-temperature excitation, and (c) the average metrologi-
cal power for the circuit in Fig. 9, evaluated from the CVS.
The results are independent of the value of κC within the
numerical precision, from κC =1 MHz to κC =700 MHz.
In Fig. 11, we plot the average number of virtual pho-
tons, the fraction of the zero-temperature excitation, and
the average metrological power, varying the strength of
the inductive and capacitive coupling. We see that only
the inductive coupling is relevant to the state of system,
which is consistent with the results in Sec. IV.
[1] I. I. Rabi, Physical Review 51, 652 (1937).
[2] E. T. Jaynes and F. W. Cummings, Proceedings of the
IEEE 51, 89 (1963).
[3] D. F. Walls and G. J. Milburn, Quantum Optics
(Springer Science & Business Media, 2007).
[4] S. Gleyzes, S. Kuhr, C. Guerlin, J. Bernu, S. Dele´glise,
U. Busk Hoff, M. Brune, J. M. Raimond, and S. Haroche,
Nature 446, 297 (2007).
[5] M. Go¨ppl, A. Fragner, M. Baur, R. Bianchetti, S. Fil-
ipp, J. M. Fink, P. J. Leek, G. Puebla, L. Steffen, and
A. Wallraff, Journal of Applied Physics 104 (2008).
[6] A. Blais, R. S. Huang, A. Wallraff, S. M. Girvin, and
R. J. Schoelkopf, Physical Review A 69, 062320 (2004).
[7] A. Blais, J. Gambetta, A. Wallraff, D. I. Schuster, S. M.
Girvin, M. H. Devoret, and R. J. Schoelkopf, Physical
Review A 75, 032329 (2007).
[8] P. M. Billangeon, J. S. Tsai, and Y. Nakamura, Physical
Review B 92, 020509(R) (2015).
[9] P. M. Billangeon, J. S. Tsai, and Y. Nakamura, Physical
Review B 91, 094517 (2015).
[10] F. Yoshihara, T. Fuse, S. Ashhab, K. Kakuyanagi,
S. Saito, and K. Semba, Physical Review A 95, 053824
(2017).
[11] F. Yoshihara, T. Fuse, S. Ashhab, K. Kakuyanagi,
S. Saito, and K. Semba, Nature Physics 13, 44 (2017).
[12] F. Yoshihara, T. Fuse, Z. Ao, S. Ashhab, K. Kakuyanagi,
S. Saito, T. Aoki, K. Koshino, and K. Semba, Physical
Review Letters 120, 183601 (2018).
[13] A. Bayer, M. Pozimski, S. Schambeck, D. Schuh, R. Hu-
ber, D. Bougeard, and C. Lange, Nano Letters 17, 6340
(2017).
[14] P. Forn-Dı´az, L. Lamata, E. Rico, J. Kono, and
E. Solano, Reviews of Modern Physics 91, 25005 (2019).
[15] S. Ashhab and F. Nori, Physical Review A 81, 042311
(2010).
[16] A. Facon, S. Haroche, M. Brune, S. Gleyzes, E.-K. Di-
etsche, J.-M. Raimond, and D. Grosso, Nature 535, 262
(2016).
[17] N. Gheeraert, S. Bera, and S. Florens, New Journal of
Physics 19, 023036 (2017).
[18] C. Leroux, L. Govia, and A. A. Clerk, Physical Review
A 96, 043834 (2017).
[19] X. Gu, A. F. Kockum, A. Miranowicz, Y. xi Liu, and
F. Nori, Physics Reports 718-719, 1 (2017).
[20] F. Beaudoin, J. M. Gambetta, and A. Blais, Physical
Review A 84, 043832 (2011).
[21] Strictly speaking, there must be some correlation be-
tween the system and environment for the dynamics ob-
tained from the master equation to occur; see, e.g., S.
Ashhab, J. R. Johansson, and F. Nori, Physica C 444,
45 (2006).
[22] P. Nataf and C. Ciuti, Physical Review Letters 104,
023601 (2010).
[23] H. Kwon, K. C. Tan, T. Volkoff, and H. Jeong, Physical
13
Review Letters 122, 040503 (2019).
[24] A. J. Leggett, S. Chakravarty, A. T. Dorsey, M. P. A.
Fisher, A. Garg, and W. Zwerger, Reviews of Modern
Physics 59, 1 (1987).
[25] In case of the capacitive coupling, the interaction Hamil-
tonian is given by HSE =
∑
k ξk(a − a†)(bk − b†k). This
is equivalent to Eq. (7) under the unitary transformation
bk → ibk.
[26] M. Bamba and T. Ogawa, Physical Review A 89, 023817
(2014).
[27] F. Albarelli, M. G. Genoni, M. G. Paris, and A. Ferraro,
Physical Review A 98, 052350 (2018).
[28] M. G. Genoni and M. G. Paris, Physical Review A 82,
052341 (2010).
[29] R. Takagi and Q. Zhuang, Physical Review A 97, 062337
(2018).
[30] B. Yadin, F. C. Binder, J. Thompson, V. Narasimhachar,
M. Gu, and M. S. Kim, Physical Review X 8, 041038
(2018).
[31] C. W. Helstrom, Physics Letters A 25, 101 (1967).
[32] A. S. Holevo, Probabilistic and Statistical Aspects of
Quantum Theory (North Holland, Amsterdam, 1982).
[33] P. Nataf and C. Ciuti, Physical Review Letters 107,
190402 (2011).
[34] K. Koshino, S. Kono, and Y. Nakamura, Physical Review
Applied 13, 014051 (2020).
[35] J. Lolli, A. Baksic, D. Nagy, V. E. Manucharyan, and
C. Ciuti, Physical Review Letters 114, 183601 (2015).
[36] C. Sa´nchez Mun˜oz, F. Nori, and S. De Liberato, Nature
Communications 9, 1924 (2018).
[37] J. Javanainen, Physical Review A 54, R3722(R) (1996).
[38] G. Qin, K.-l. Wang, and T.-z. Li, (2001), arXiv:0109020
[quant-ph].
